MULTIVARIABLE MOMENT PROBLEMS 
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Abstract. In this paper we solve moment problems for Poisson transforms and, more gen- 
erally, for completely positive linear maps on unital C*-algebras generated by "universal" row 
contractions associated with F^, the free semigroup with n generators. This class of C*-algebras 
includes the Cuntz-Toeplitz algebra C*{Si, . . . , Sn) (resp. C*{Bi, . . . , generated by the cre- 
ation operators on the full (resp. symmetric, or anti-symmetric)) Fock space with n generators. 
As consequences, we obtain characterizations for the orbits of contractive Hilbert modules over 
complex free semigroup algebras such as C[zi, . . . , and, more generally, the quotient 

algebra CF^/J, where J is an arbitrary two-sided ideal of CF^. 

All these results are extended to the generalized Cuntz algebra 0{*i'^iGf), where Gf are the 
positive cones of discrete subgroups Gf of the real line R. Moreover, we characterize the orbits 
of Hilbert modules over the quotient algebra C Gf /J, where J is an arbitrary two-sided 
ideal of the free semigroup algebra C Gf . 



1. Introduction and Preliminaries 

Let Hn be an n-dimensional complex Hilbert space with orthonormal basis ei, 62, • • • , e^, 
where n G {1,2,... } or n = 00. We consider the full Fock space of defined by 

A;>0 



where H®^ := CI and H^'^ is the (Hilbert) tensor product of k copies of Hn- Define the left 
creation operators Si : F'^{Hn) F'^{Hn), i = 1, . . . ,n, hy 

SitP := CiOV, e F'^{Hn). 

The noncommutative analytic Toeplitz algebra F^ (resp. noncommutative disc algebra An) 
is the weakly-closed (resp. the non-self adjoint norm-closed) algebra generated by 
and the identity. These algebras were introduced in (see also [21]) in connection with 
a multivariable noncommutative von Neumann type inequality. Let be the free semigroup 
with n generators gi, . . . ,gn and neutral element gQ. The length of a € F+ is defined by \a\ := k, 
if a = gij^gi2 ■ ■ ■ Qi^-, and \a\ := 0, if a = g^. We also define ■= ei-^^^e-i^®---® Cj^ and e^Q = 1. 
It is clear that {cq, : a G F+} is an orthonormal basis of F'^{Hn)- If Ti, . . . ,Tn G B{Ti.) (the 
algebra of all bounded linear operators on the Hilbert space TC), define Tq, := Ti^Ti^ ■ ■ - Ti^, if 
" = 9h9i2 ■■■9ik and Tg^ := I. 

Let C*{Si, . . . , Sn) be the C*-algebra generated by Si, . . . , Sn, the extension through compacts 
of the Cuntz algebra On (see ^). A map // : C*{Si, . . . , Sn) B{7i) is called Poisson transform 
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on the Cuntz-Toeplitz algebra C*{Si, . . . , Sn) if it is a unital completely positive linear map such 
that 

^i{AX) = fi{A)fj,{X), for any X G AnA^ and A e An- 
Notice that ^\An is a completely contractive representation of the noncommutative disc algebra 
on the Hilbert space Ti. It was shown in that ^ : C*{Si, . . . , Sn) B{TC) is a Poisson 
transform if and only if there is a row contraction T := [Ti, . . . , Tn], i.e., 

TiTl + ■■■ + TnT* < I, 

such that 

Kf) = Mf) ■■= limir.(T)*[/®/K,(T) 

(in the uniform topology of B{H)), where the Poisson Kernel Kr{T) : H F'^{Hn) ® H, 

< r < 1, is defined by 

KriT)h := Y,ey0 (rl^l A,(r)r;/i) , 

7eF+ 

and Ar{T) := (I — Y27=i ^^^i^j*)^- this case we have 

fiT{SaS;)=T^T;, a,/3GF+. 

According to the noncommutative dilation theory for row contractions (see |22| . j26j). fi^lA^ 
is a subcoisometric representation on An- On the other hand, if [Ti, . . . ,Tn] is a row isometry, 
then fix is a *-representation of the Cuntz-Toeplitz algebra C*{Si, . . . , Sn)- 

In the particular case when TjTj = TjTi, for any i,j = 1, . . . , n, a similar result is true (see |2(j]) 
if we replace the left creation operators 5j, i = 1, . . . , n, by their compressions Bi := Pp2Si\F^, 

1 = 1, . . .re, to the symmetric Fock space F"^ C F'^{Hn)- In this commutative setting, a linear 
map p : C*{Bi, . . . , i?„) — > B{T-L) is a Poisson transform if and only if there is a row contraction 
T := [Ti, . . . , with commuting entries, such that 

piB^B*p) = T^T;, a,/3GF+. 

We refer to |2S] for more information on noncommutative (resp. commutative) Poisson trans- 
forms. The commutative case was extensively studied by Arveson in 0, where the creation 
operators -Bi , . . . , Bn on the symmetric Fock space F^ are realized as multiplication operators 
hy zi, - - - , Zn (a system of coordinate functions for C") on the reproducing kernel Hilbert space 
with reproducing kernel Kn ■ B„ x ]B„ C defined by 

Kn{z,w):=- J , 

1 - {z,w}^„ 

where B„ is the open unit ball of C". 

Recently, the Poisson transforms have played a very important role in multivariable operator 
theory (see HH], HZI, HE], EHl, 0, 0, 0, 0, W Moreover, they were essentially used in 
and H] to prove interpolation results of Nevanlinna-Pick type for the unit ball of C". 

Let CF+ be the complex free semigroup algebra generated by . Any re-tuple Ti , . . . , T„ of 
bounded operators on a Hilbert space Ti. gives rise to a Hilbert (left) module over CF^ in the 
natural way 

f-h:=f{Ti,...,Tn)h, feC¥t,hen, 

and T := [Ti, . . . , T„,] is a row contraction iff 7^ is a contractive CF^-module, i.e., 
\\gi • /ii H \-gn- KW'^ < H h \\hn\\'^, hi,..., K G H. 
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We remark that each row contraction T corresponds to a unique contractive Hilbert modules 
over the free semigroup algebra CF^, and to a unique Poisson transform /xt- A similar result 
holds true in the commutative case when the contractive Hilbert modules are considered over 
C[zi, . . . , Zn], the complex unital algebra of all polynomials in n commuting variables (see |26j . 
(28] . [ZD- Recently, the curvature invariant for Hilbert modules over C[zi,...,Zn] (resp. 
CF^) was introduced and studied in (resp. [2H] and The Poisson transforms played a 

crucial role in connection with numerical invariants associated with Hilbert modules over CF^, 
the complex free semigroup algebra generated by the free semigroup on n generators (see (28) and 
(29]). We refer to 0, 1201 , US for basic facts concerning operator spaces and their completely 
positive (c.p.) (resp. bounded) maps. 

In this paper we continue the study of Poisson transforms and, more generally, completely 
positive linear maps on unital C*-algebras generated by "universal" row contractions, in con- 
nection with their moments. Our objective is to obtain analogues of some classical moment 
problems jT] in our multivariable setting. 

We consider moment problems associated with any subset S C F+ which is admissible in the 
sense that if a/3 G S, then /3 G S. A map L : S ^ B{7i) (or its linear extension L : CS — > B[7i)) 
is called operator-valued moment map for Poisson transforms (resp. c.p. maps) on C*{Si, . . . , S„) 
if there is a Poisson transform (resp. c.p. map) ^ : C*(S'i, . . . , 5„) B{7i) such that 

L{p{9i, ■ ■ -^gn)) = Kp{Si, • • •,Sn))L{go) 

for any polynomial p{gi, ■ ■ ■ , Qn) in CS := Oo-fj : € C, o" € S}. We call ^ a representing 
Poisson transform (resp. c.p. map) for L. 

In Section 121 we solve the operator- valued (resp. vector- valued) moment problem for Poisson 
transforms on the Cuntz-Toeplitz algebra C*(5i, . . . , 5„). As consequences, we obtain necessary 
and sufficient conditions for the existence of a Poisson transform (resp. *-representation) with 
prescribed restrictions. We also obtain a characterization for the orbits {f ■ h : f (z F+}, 
h (z H, of contractive Hilbert modules over CF+, and show how to construct contractive Hilbert 
modules with prescribed orbits. More precisely, we characterize the orbits {Tq-Zi : a E F+} 
generated by row contractions [Ti,...,T„], Tj G B(H), and h € H. On the other hand, we 
obtain a characterization of the orbits of the *-representations of the C*-algebra C*{Si, . . . , Sn)- 

In Section 13 we solve the operator- valued (resp. vector- valued) moment problem for Poisson 
transforms on C*-algebras C*{Bi, . . . , i?„) generated by universal row contractions [Bi, . . . , 
satisfying the commutation relations 

BjBi = XjiBiBj, 1 < i < j < n, 

where Xji € C, I < i < j < n. We remark that if Xji = 1 (resp. Xji = —1), I < i < j < n, then 
Bi, . . . , Bn are the creation operators on the symmetric (resp. anti-symmetric) Fock space. As a 
consequence (when Xji = 1), we characterize the orbits {f ■ h : / G Z^}, h & TC, oi contractive 
Hilbert modules over C[zi, . . . ,Zn]- On the other hand, the classical operatorial trigonometric 
moment problem ^ is extended to the commutative semigroup Z^. More precisely, we solve 
the operator-valued trigonometric moment problem for completely positive linear maps on the 
C*-algebras C*{Bi, . . . ,Bn) described above (see Theorem 13. 3() . 

In Section ^ we present moment problems for quotients of the free semigroup algebra CF^ . 
Given a set Vh of homogeneous polynomials in CF^, we show that there is a universal row 
contraction [Bi, . . . , Bn] such that p{Bi, . . . , Bn) = for any p G Then we solve the 

moment problem for Poisson transforms on the unital C*-algebra generated by . . . , Bn, and 
the identity. This provides a characterization for the orbits of contractive Hilbert modules over 
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the quotient algebra CF^/J/i, where Jh is the two-sided ideal generated by Vh- On the other 
hand, we solve the operator-valued trigonometric moment problem for completely positive linear 
maps on C*(i?i, . . . , Bn) (see Theorem 14 .41) . 

Finally, in Section El we show that all of our moment type results can be extended to the 
generalized Cuntz algebra where Gf are the positive cones of discrete subgroups 

Gi of the real line M. Moreover, we characterize the orbits of contractive Hilbert modules over 
the quotient algebra C Gf / J, where J is an arbitrary two-sided ideal of the free semigroup 
algebra C Gf. We mentioned that the generalized Cuntz algebra 0{*f^iGf) coincides 
with the C*-algebra generated by the left regular representation of the free proguct semigroup 
*f^iGf , when n > 2 and at least one subgroup Gi is dense in M (see ^5)- These algebras were 
studied by many authors (see for example [HI, [EI, [IB], [El, [IH, [El, and [13). 



2. Moment problems for the free semigroup F+ 

Let E be an arbitrary set. An operator-valued function K : T,xT, ^ B{7i) is called Hermitian 
kernel if K{T,a) = K{a,T)*. It is said to be positive semidefinite {K > 0) provided that 

^ {Kia,T)h{T),h{a))>0 

for all finitely supported functions /i : S — > 7Y. If Ki,K2 are operator- valued kernels on S we 
say that Ki < K2 if and only if K2 — Ki is positive semidefinite. 

In this section we consider moment problems associated with any subset S C which is 
admissible in the sense that if a(3 € S, then /J € S. A few examples that are of interest are the 
following: 

(i) S = F^ is the full moment problem; 

(ii) S = {cr € F^ : \a\ < m}, m G Z"*", is the truncation of order m; 

(iii) = {cr € F+ : f{cr) € 11}, where 11 is an admissible set for Z+ (see Section [HJ, is the 
abelian truncation; 

(iv) S = {gi^gi2 • • • , 5*2 ' ' ' fi^ , • • • , , 9o} is the truncation generated by uj := gi^gi^ ■ ■ ■ dik^ 
where ij G {1, . . . , n\. 

A map L : S ^ B(Ti.) (or its linear extension L : CS B(?{)) is called operator- valued 
moment map for Poisson transforms on G*{Si, . . . , Sn) if there is a Poisson transform fi : 
G*{Si,. ..,Sn)^ B{n) such that 

L{jp{9i, ■ ■ -,971)) = Kp{Si, . . . , Sn))L{go) 

for any polynomial p{gi, . . . , gn) in CS := Ua-a : aQ, G C, o" € S}. We call fj, a representing 
Poisson transform for L. For each admissible set S C F^, we define 

(2.1) As := {(a, /?) : a, /? G F+, a(3 G S}. 

Notice that if (a,/3) G As and cr < a, i.e., a = ar for some r G F^, then {a\a,P) G As, where 
a\a := r. If r 7^ gQ, denote a < a. We associate with each map L : S ^ B{7i) the Hermitian 
kernels /Cj : As x As ^ S(W), j = 1, 2, defined by 

(2.2) Ki{{a, (5), {a, 7)) := L{a(3rL{aj) 
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and 

' L{l3)*L{{a\a)-f), ii a < a 
(2.3) K2{ia, p), {a, 7)) := I L{{a\a)PY L{^), ii a < a 

0, otherwise . 

v 

Notice that Ki is a positive semidefinite kernel. The main result of this section is the fol- 
lowing operator-valued moment problem for Poisson transforms on the Cuntz-Toeplitz algebra 
C*(5i, . . . , 

Theorem 2.1. Let S C he an admissible set and let L : ^ B(7i) be an operator-valued 
map. Then L is a moment map for Poisson transforms on the C* -algebra C*{Si, . . . , Sn) if and 
only if Ki < K2. 

Proof. Assume that : C*{Si, . . . , Sn) B{7i) is a representing Poisson transform for L. Since 
^\An is multiplicative, we have, for any (a,/3) G As, 

L{al3) = n{Sai3)L{go) = fi{Sa)L{(3). 

Let [Vi, . . . , Vn] be the minimal isometric dilation of the row contraction [n{Si), . . . , fJ-{Sn)] on a 
Hilbert space IC D H (see HI]). If / : A^ ^ 7i is finitely supported, then we have 

J2 {K,{{a,(3),{a,j))f{a,j),fia,l3)) 

(o,/3),((t,7)gAe 

= 11 Yl 

(a,/3)GAE 

= 11 Yl M^aW)/(«,/?)f 

= \\Pn V^Li(3)fia,(5)f 
<|| Y Vamf{a,P)f. 

(a,/3)eAs 

Since Vi, . . . , are isometries with orthogonal ranges and PnVuil'H = fJ-iSoj), <^ E F+, we infer 
that 

Y {V^L{j)f{a,j),V^L{(3)f{a,P)) = J] (y,\„L(7)/(a, 7), i^(/3)/(a, /3)) 

{a,/3),{(7,7)GAs a<tT 

+ j;(i.(7)/(^,7),'t"avi(/3)/(a,/3)) 
= Y {t^{S,\a)Lh)f{a, ^),mf{a, (3)) 
+ Y {L{l)f{cy, 7) , /i(5,y )L(/3)/(a, /3)) 

Y (i^2((a,/3),(^,7))/(^,7),/(«,/3))- 

(a,/3),(cr,7)eAE 

Therefore Ki < K2 and the direct implication is proved. 
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Conversely, assume Ki < K2. Let be the linear space of all finitely supported functions 
from As to 7^. Since > i^i > 0, we can define a semidefinite form on H^'^ by 

{f,9)K, ■■= Yl (i^2((a,/?),(a,7))/(a,7),/(a,/3))w. 

(a,/3),((^,7)eAE 

For each i = 1, . . . ,n, define Vi : H^^ — > by Vif = if, where, for any (a, (3) G As, 



(2.4) 



/(7,/3), iia = giT 
0, otherwise . 



Define Aq := {(t, /3) G As : giTj3 S S} and notice that 

K2{{giT, P), {giT', 7)) = K2{{t, /?), (r', 7)), 
if {giT,P), (5iT',7) € As- Notice that if / is supported on Aq, then 

{Vif,Vif)K, = Yl {K2{igir,(3),{giT',j)MgiT',j),^{giT,(3))n 

(r,/3),(r',7)eAo 

= J2 (^2((r, /?), (r', 7))/(r', 7), /(r, 

(r,/3),(r',7)eAo 

On the other hand, if / is supported on As\Ao, then {Vif, Vif)K2 = 0. 

Let JC denote the Hilbert space completion of H^^ /N, where M is the subspace of null vectors 
in the seminorm (•, ■)k2- Now, Vi can be extended to a partial isometry on /C, which we denote 
also by Vi. Notice that the range of Vi is contained in the closed span of functions supported on 

{(a, /3) G As : a = giT for some r G 

According to the definition of we have 

^2((5ir,/3),(5,V,7))=0 iii^j. 

Hence, the partial isometrics V^, z = 1, . . . , n, have orthogonal ranges and therefore, 

(2.5) ViV^ + ■■■ + VnV* < I. 
Define X : ^ H by 

(2.6) Xf:= L{aP)f{oc,[3), f^U'^^. 
Notice that, since Ki < K2, we have 

{a,/3)GAE 
{a,/3),{(^,7)eAs 

< J] {K2i{a, (3), (a, 7))/(c7, 7), /(«, 

(a,/3),{<T,7)eAs 
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Therefore, X extends to a contraction from /C to H., which we denote also by X. We need to 
show that, if (T G S, /i E "H, then 

(2.7) XU(a)/i = V(go,<x),h, 
where 

^ ^) 1^' if a = 50, /3 = 

(so.o-),/! > I otherwise . 

Indeed, for any / G TL^^ , we have 

{f,X*L{a)h)K, = {Xf,L{a)h)n 

= X] {K2{{go,cr),{uJ,ri))f{uj,r]),h)n 

= ^ (-?<^2((a,/5), (c^,^))/(w,^),V'{3o,'T),fc(",/5))H 

= {fA{go,a),h)K2- 

Now, define Tj := XViX* E B(7i), i = 1, . . . ,n. Since X is a contraction and relation (|2.5|) 
holds we infer that 

(2.8) TiTl + ■■■ + TnT* < I. 
Using relation l\2.7\\ . we deduce that for any a ^ T,, h & H, 

(2.9) V,X*L{a)h = ^ig^,^),h, 
where 

h, \i a = Qi, (5 = a 
0, otherwise . 



V'((,„a),fe(a,/5) ■■■■ 
By relations ()2.7() and (|2.6() . we obtain 

T,L(a)/i = J 



L{gia)h, if ^jcr G S 
0, otherwise . 



Now, it is clear that this relation implies 

(2.10) T^L{go)h = Ti^--- Ti^L{go)h = L{gi^ ■ ■ ■ gi^)h, 

for any uj := gi^ ■ ■ ■ gi^, G S and h £ Ti. Hence, T^^L^go) = L{lu) for any u; G H. 

Let n : C*{Si, . . . , 5„) — > B{7i) be the Poisson transform associated with the row contraction 
[Ti, . . . , Tn]. Since ^(5q,) = Ta, a G F+, relation (|2.1flj) implies 

i(p(5i, . . .,£/«)) = KPiSi, Sn))L{go) 
for any polynomial p{gi, . . . ,gn) in CS. The proof is complete. □ 

Corollary 2.2. Lei A4 be a subspace of a Hilbert space Ti and let S C be an admissible set. 
Given a map T : T, ^ B(M.,T-l), there is a Poisson transform /i : C*{Si, . . . , Sn) B(TC) such 
that 

r(p(5'i, . . . , 9n)) = Kp{Si, . . . , Sn)T{go) 
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for any polynomial p{gi, ...,§„) in CS, if and only if Ki < K2, where the kernels Ki, K2 are 
associated with the operator-valued map L : S — > B{7i) defined by 

L{a):=T{a)PM, ci G F+ 
where Pjn is the orthogonal projection from Ti onto Ai . 



In particular, if T{gQ) is the inclusion of ^A into then we obtain necessary and sufficient 
conditions for the existence of a Poisson transform /i : C*{Si, . . . , Sn) B(7i) with prescribed 
restriction to M., i.e., 

r(p(5i, • • • , 9n)) = Kp{Si, ...,Sn)\M 
for any polynomial p{gi, ■ ■ ■ ,gn) in CS. 

Now, we can obtain a vector-valued version of Theorem 12.11 A map M : T, ^ 7{ (or its 
linear extension M : CS — s- TC) is called vector-valued moment map for Poisson transforms on 
C*{Si, . . . , Sn) if there is a Poisson transform /x : C*{Si, . . . , Sn) B{TC) such that 

M(p(gi, . . .,gn)) = MSi, Sn))M{go) 

for any polynomial p{gi, ■ ■ ■ , gn) in CS. We call ^ a representing Poisson transform for M. We 
associate with each map M : ^ Ti. the hermitian kernels Kj : As x As C, j = 1,2, defined 
by 

(2.11) Ksiia, P), {a, 7)) := {M{aj), M{aP)) 

and 



(2.12) K^i{a,l3),{a,j)):-- 



(M((cj\a)7), M(/3)) , if a < a 
(M(7),M((aV)/3)) , iia<a 
0, otherwise. 



Theorem 2.3. Let S C be an admissible set and let M : ^ Ti be a map with values in a 
Hilbert space. Then M is a vector-valued moment map for Poisson transforms on C*{Si, . . . , Sn) 
if and only if < K4 . 



Proof. In Corollarv 12.21 take ^A := span{M(5o)} and let r(g'o) be the inclusion of M into Ti. 
The result follows noticing that, in this particular case, Ki < K2 if and only if K3 < K4. □ 



As mention in the introduction, in the particular case when S = F^, Theorem 12.31 provides a 
characterization for the orbits {f ■ h : / € F+}, h € Ti, oi contractive Hilbert modules over 
CF+. In what follows, we will characterize the orbits of *-representations of the Cuntz-Toeplitz 
algebra C*(5i, . . . , 5„). 

Theorem 2.4. Let S C F^ be an admissible set and let L : ^ B(Ti) be an operator-valued 
map. Then there is a * -representation vr : C*{Si, . . . , Sn) B{£), £ D Ti, such that 

(2.13) L{p{gi, gn)) = vr(p(5i, . . . , Sn)L{go) 

for any polynomial p{gi, . . . , gn) in CS, if and only if Ki = K2. 
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{K,{{a,(3),{a,^))h,h') 



if Q < 0" 

if fj < a 
otherwise 



Proof. If vr : C*{Si, . . . , Sn) — > B{£) is a a representation on a Hilbert space £ D H, then 
7r((7j), i = 1, . . . ,n, are isometries with orthogonal ranges. Then, for any (a, (cr, 7) G As and 
/i, h' £ Ti, relation (|2.13|) implies 

{L{(T-i)h,L{a(5)h') 
{7r{Sa)L{^)h,7r{Sa)L{p)h') 

' {■K{S,\Ml)h,mh'), 
{L{^)h,7r{S^\MP)h'), 
.0' 

= {K2{{a,l3),{a,^))h,h'). 

Therefore Ki = K2 and the direct implication is proved. 

Conversely, assume Ki = K2- Following the proof of Theorem 12.11 it is easy to see that, in 
this case, the operator X : /C ^ is an isometry and Tj := XViX* , i = 1, . . . ,n, are now 
partial isometries with orthogonal ranges. Moreover, the initial space of Vi is the closed span of 
functions supported on 

Ao :={(r,/3) G Ae : 5iT/3 G S}. 

Taking into account the definition of the isometry X (see p.6j) ). we deduce that the initial space 
of Ti is 

span{L{a)h : g-ia G S, /i G Ti}. 

Let \Wi, . . . , Wn] be the minimal isometric dilation of [Ti, . . . , T„] on a Hilbert space £ D TC. 
Since Tj is a partial isometry, it is clear that WiX = Tix when x is in the initial space of Tj. 
Hence 



(2.14) 



WiL{a)h = TiL{a)h 



if gicr G S and h £ TC. Let vr : C*{Si, . . . ,Sn) B{£) be the *-representation generated by 
Tr{Si) = Wi, i = 1, . . . ,n. Fix an arbitrary element uo := gi^ . . . gi^ in S. Since S is admissible, 
the elements gi2 ■ ■ ■ gi,. , Ois ■ ■ ■ gi^T ■ ■ ^ 9ik^ ^'^d go are in S. A repeated application of the relations 
(|2?TI|l and (jTITII) shows that 

W^Ligo)h = Wi,---W,,L{go)h 



= Hdii ■ ■ ■ 9ik)h- 

Therefore, ■7T{Suj)L{gQ) = L{uj) for any w G S, which completes the proof. 



□ 



Given L : T, 
K[, K!^ : T, X - 



-> B{7i), where S is an admissible set in F+, define the Hermitian kernels 
B{n) by setting K[{a,T) := L{a)*L{T) and 



Remark 2.5. K 



K'2{a,T) := < 
K2 if and only if K[ = K'2 



L(r\(T), if o" < r 
L{a\T)*, if r < CJ 
0, otherwise. 
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Proof. If Ki = K2, then by setting /3 = 7 = go in relations (|2.2j) and ^2.'A^ . we infer K[ = K2. 
Conversely, assume K'l = K2. Using the observation that ojct < uoa if and only if o" < a, we infer 
that iC( (cjcT, wa) = if((a", a) for any cjo", tja E S, and K[{gia, gja) = if i 7^ j and gia,gja G S. 
Now, using these relations, it is easy to see that, for any {a, (3), (tr, 7) € As, 

' K[{P,{a\a)j), iia<a 
K[{{a\a)/3,j), if a < a 
0, otherwise 

i^2((a,/3),(a,7)), 



which completes the proof. 



□ 



Consequently, one can reformulate Theorem 12.41 in terms of the kernels K[ and K!^. We 
should mention that one can also get an analogue of Corollary 12.21 for *-representations of 
C*{Si, . . . , Sn)- Moreover, as a particular case, we obtain the following vector- valued version of 
Theorem 12.41 

Theorem 2.6. Let S C be an admissible set and let M : T, ^ Ti be a map. Then there is a 
* -representation it : C*{Si, . . . , 5„) — > B{£), £ D 7i, such that 

M{p{gu . . . , gn)) = TTipiSi, Sn)M{go) 

for any polynomial p{gi, . . . , gn) in CT,, if and only if K3 = 



We associate with each map M : T, 
defined by 



Tl the hermitian kernels K'j 



3,4, 



(2.15) 
and 

(2.16) 



K'^{{a,a) := {M{a),M{a)) 



{Mia\a),Migo)), 
{M{go),M{a\a)) , 
0, 



if a < o" 
if a < a 
otherwise. 



One can easily prove a result similar to Remark 12.51 for the kernels K'^,K'^, and reformulate 
Theorem 12.61 in terms of these new kernels. We leave this task to the reader. 



3. Moment problems for the commutative semigroup Z+ 

Let Z"*" be the set of nonnegative integers and 

Z+ := {k={ki,...,kn) : k,eZ+,j = l,...,n}. 

If k = [ki, . . . , kn) G we denote |k| := fci + • • • + kn, and if T := (Ti, . . . , T„), Tj S B{Ti.), is 
an n-tuple of operators, then we set := T^^ ■ ■ ■ T^". Let C[zi, . . . , Zn] be the complex unital 
algebra of all polynomials in n commuting variables. For any 11 C , denote 

C[n] := {p E C[zu ...,Zn]: P=Y1 ^k^*"}, 

ken 
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where := z^^ ■ ■ ■ z^". Identifying each k G 11 with z^ we can consider 11 as a subset of C[n]. 
The set is endowed with the product order <C. We call a set 11 C Z+ admissible if k G H, 
m E Z^, and m <C k, imply m E 11. A few examples that are of interest are the following: 

(i) n = is the full moment problem; 

(ii) n = {k G Z+ : |k| < m}, m € Z+, is the truncation of order m; 

(iii) n = {k G Z+ : k <C m} is the truncation of order m G Z^. 

(iv) n = {k = (fci, . . . , E Z+ : card{j : kj / 0} < p}, p E Z+. 

A map r : n ^ B(7i) (or its linear extension T : C[n] B{7i)) is called operator-valued 
moment map for Poisson transforms on the Toeplitz algebra C*{Bi, . . . , Bn) if there is a Poisson 
transform p : C*{Bi, ... ,Bn) — > B{H) such that 

(3.1) r(j;akz'') = /,(j;aki?'')r(0) 

for any polynomial ^ ak-^*^ in C[n], where B := {Bi, . . . , Bn). We call p a representing Poisson 
transform for T. 

There is a canonical homomorphism ip of F+ = Z+ * • • • * Z+ onto Z+ such that it is the 
identity on each Z+ . Notice that if IT is an admissible set for Z^ , then 

:= {a E F+ : ip{a) E U} 

is an admissible set for F+. We associate with each map F : 11 — > B{'H) a map Lr : — > B{'H) 
by setting Lr((T) := T{ip{a)), a E Stt. 

Theorem 3.1. Let H be an admissible set in Z^ and /ei P : 11 — > B{T-L) be an operator-valued 
map. Then V is a moment map for Poisson transforms on the Toeplitz algebra C*{Bi, . . . ,Bn) 
if and only if Ki < K2, where the kernels Ki and K2 are associated with the admissible set 
C and the map Lr : ^ B{7{), as defined by (|2.2|) and (|2.3)) . 

Proof. Assume p : C*{Bi, . . . , Bn) — > B{'H) is a representing Poisson transform for P. According 
to (|3.H) . for any (a, (3) E A^^, we have 

Lr{a(3)=T{^{a)+^m 

= /)(5^(")+^('5))P(0) 

(3.2) =/5(5^("))p(B^('3))P(0) 

= Ki?^("))P(^(/3)) 

= p{Sa)Lr{P), 

where p, : C*{Si, . . . , Sn) — > B{T~(-) is the noncommutative Poisson transform associated with the 
row contraction [p{Bi), . . . ,p(i?„)], i.e., 

(3.3) p{S^Sl) = p(i?'^(°)i?'^(^)*), a, /3 E F+. 

Therefore, ^ is a representing Poisson transform for L-p. According to Theorem 12.11 we infer 
that Ki <K2. 

Conversely, assume that Ki < K2. Following the proof of Theorem l2.11 we find the operators 
Tj E B(7i), i = 1, . . . , n, defined by Tj := XViX* with property that 

TiTl + ■■■ + TnT* < I. 

Due to the definition of X (see (|2.6|) ). its range is included in the subspace 

A4 := span{Lr((T)/i : a E Sjr, h E Tl}. 
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Hence, we have 

(3.4) Ti\M^ = 0, i = l,...,n. 

On the other hand, according to the definition of Tj, if o" € and /i E then 

[ Lr{gigja)h, if gigja G 



TiTjLT{a)h 
Similarly, we have 

TjTiLT{a)h 



0, otherwise. 



\Lrigjgia)h, if gjgta G 

1 0, otherwise. 

Due to the definition of S^r, gigjcr G Stt if and only if gjgia G St^. On the other hand, according 
to the definition of Lr, we have LT{gigjcr)h = LT{gjgicr)h, and therefore TiTj\M = TjTi\A4. 
Now, using relation (|3.4() . we get 

TiTj=TjTi, i,j = l,...,n. 

Since [Ti, . . . ,T„] is a row contraction with commuting entries, according to Theorem 9.2 from 
there is a unique Poisson transform p : C*{Bi, . . . , i3„) — > B{TC) such that 

(3.5) /^(5''B"^*) = T'^T'"*, k,mGZ+, 

where T := (Ti, . . . , T„). For each k = {ki, . . . , kn) G H, let := ■ • • 5™" € and notice 
that V5(<j^k) = k. Moreover, if k G H, then Wk G 5],^ and, according to 1)2.10(1 . we have 

(3.6) ir(^k) = p{S^jLr{go), 

where /i : C*{Si, . . . , 5„) — B{T-C) is the noncommutative Poisson transform associated with the 
row contraction [Ti , . . . , r„] . Using the definition of Lp and relations (|3.5|) , (|3.6|) , we obtain 

p(i?i')r(o) = r^...7:„^"Lr(5o) 
= r(k), 

for any k G H. The proof is complete. □ 

Let us remark that an analogue of Corollary 12.21 holds also in this commutative case. We 
associate with any map : H ^ 7^ a map M^v : T^^^ ^ TC hy setting Mi^{a) := N{ip{a)), 
a G Stt. One can obtain a vector- valued version of Theorem 13. 11 The proof is similar to that of 
Theorem 12.31 and uses Theorem 13. II We should omit it. 

Theorem 3.2. Let H be an admissible set in Z+ and let N ^ Ti. be a map with values in a 
Hilbert space. Then N is a vector-valued moment map for Poisson transforms on the Toeplitz 
algebra C*{Bi, . . . , i?„) if and only if < K4, where the kernels and are associated with 
the admissible set C and the map :T,t^ ^ TC, as defined by ((2. 11(1 and (|2.12|) . 

Notice that, in the particular case when H = Z+, Theorem 13. 21 provides a characterization for 
the orbits {f ■ h : / G Z^}, h £ 7i, oi contractive Hilbert modules over C[zi, . . . , Zn]- 

A i?(7Y)-valued semispectral measure on T := {z G C : \z\ = 1} is a linear positive map from 
C(T), the set of continous functions on the unit circle, into B(7i). Since C(T) is commutative 
is completely positive. The truncated operatorial trigonometric moment problem asks if, given 
the operators Ak G B{TC), A; = 0, 1, . . . , m, {Aq = I), there exists a semispectral measure on T 
such that Ak = ^(e*'^*), k = 0,1, . . . ,m. The answer is provided in terms of the positivity of an 
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associated Toeplitz operator. See for more information on the classical moment problem. A 
non-commutative analogue of this problem was obtained in for the Cuntz- Toeplitz algebra 
C*{Si, . . . , 5„). 

In what follows we will find a multivariable commutative analogue of this problem. The place 
of the multiplication by e** is taken by the operators Bi, . . . , Bn on the symmetric Fock space 
Fg{Hn), and the place of C(T) is taken by the Toeplitz algebra C*{Bi,. . . ,Bn). The Fourier 
coefficients of a map <1> from C*{Bi, . . . , Bn) into B{TC) are given by the evaluations ^{B^), 
kGZ+. 

Theorem 3.3. Let U be an admissible set in Z+ and let T : li ^ B{Ti) be an operator- 
valued map with T(0) = I. Then T is a moment map for a completely positive linear map 
^ : C*{Bi, . . . , Bn) B(H) if and only if the kernel K : T^t^ x Tit^ ^ B(H) given by 



K{a,T) 



r((/^(rV)), 
nv{cy\r))\ 

0, 



if a < T 
if T < a 
otherwise 



is positive semidefinite. 



Proof. Assume <I> : C*{Bi, . . . ,Bn) — > BiJ-L) is a completely positive map such that <^{B^) = 
r(k) for any k € H. Let 7 : C*(S'i, . . . , 5„) C*{Bi, . . . , Bn) be the Poisson transform 
associated with the row contraction [Bi, . . . , Bn], i.e., j{SaS'^) = BaB^, a,/5 G F+. Then 
$07: C*{Si, . . . , Sn) — > B{H) is a completely positive map such that (<I> o 7)(/) = / and 

(3.7) {^oj){S^) = ^B^)=r{^{a)), CTGS^. 

By Stinespring's theorem ^j, there is a Hilbert space IC D 7i and a *-representation vr of 
C*(S'i, . . . , Sn) on /C such that 



(3.8) i^o^){A)=Pn7TiA)\n, AeC*iSi,...,Sn). 

Notice that the operators Vi := '7r{Si), i = l,...,n, are isometries with orthogonal ranges. 
Hence, and using relations (|3.7|) and (|3.8|) . we infer that 

' PniTiT\a)\n, if o-<r 
PnV;Vr\n = I Pn7r{a\T)*\n, if T < (T 
0, otherwise 

v 

= K{a,T). 

Therefore, if / : ^ 7^ is a finitely supported function, then 

^ {K{a,r)f{T),f{a))= ^ (K/(r), \^./(a)) 

= 11 E yrf{r)f>0. 

Conversely, suppose the kernel K is positive semidefinite and define a semidefinite form on 
n^^, the space of all finitely supported functions from to H, by 



(3.9) 



{f,^)K:= Yl {K{a,T)f{T),tP{a)). 



(T,rgS„ 
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Let /C be the Hilbert space completion of jM where M is the subspace of null vectors in the 
seminorm determined by (|3.9|) . Since K{go,go) = I, the Hilbert space Tl imbeds isometrically 
in /C by identifying h with the equivalence class of the function a i-^ SgQ{a)h, where Sg^^a) = 1 
if 0" = go, and otherwise. For each i = 1, . . . ,n, define Tj : /C — s- /C by 

(3.10) {Tjm := SgAt)f{<^) 

for any / G Tl^^ and t € Stt- Notice that Tj is a partial isometry and its range is contained in 
the closed span of functions supported on 

T^-j := {cr G : a = giT for r € Stt}. 

The definition of K implies that the subspaces IZi, i = l,...,n, are pairwise orthogonal. 
Therefore, [Ti, . . . , T„] is a row contraction. Define 

T&t, i,j=l,...,n 

and Q := ICQ £. Since the subspace £ is invariant under each Tj, i = 1, . . . , n, it follows that G 
is invariant under each T*, i = 1, . . . ,n. Notice that according to for any / € TY^'", we 

have 

(3.11) [{TiTj - TjT,)f]{t) = [dg^g^^it) - 5g^g^^it)]f{a). 

Hence, if / G H^^ and heH, we have 
{h,TrmTj-TjT,)f)K 

{t)-6rg^g^^{t)]f{a) ) 

if both Tgigja and rgjg^a are in S^, and otherwise. Due to the definition of the set E^r, we 
have that rg^gja G 5],^ if and only if rgjg^a G S^r. Moreover, in this case, due to the definition 
of K, we get K{Tgigja,go) = K{Tgjgia, go). Hence, {h,Tr{TiTj - TjTi)f)K = for any r G F+ 
and / G TY^'". Therefore, h is orthogonal to which shows that TC C G- 

Define T/ := PgTi\G, i = 1, . . . ,n. Since G is invariant under each T^, i = 1, . . . ,n, and 
[Tl, . . . , T„] is a row contraction, we deduce that [T{, . . . , T^] is also a row contraction and 

T^'Tj = TjTl, for any z, j = 1, . . . , n. 

Now, for any cr G and h, h' TC C G , we have 

{TXh')K = {T^h,h')K 

= Y {K{t,uj)6^{uj)h,6g,{t)h')^ 

(3.12) c^.teSvr 

= {K{go,a)h,h')n 
= {T{ip{a))h,h')n. 
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Let /i : C*{Bi, . . . , Bn) — > B{Q) be the Poisson transform associated with the row contraction 
[T{, . . . , T^], i.e., 

(3.13) fiiB^B""*) = T'^T"^\ for any k, m G Z+. 

Let $ : C*(Bi, . . . , S„) ^ be the compression ^{A) := P^^(^4)|W, A € C%Bi, . . . , 

Clearly <I> is a unital completely positive hnear map. Using relations (|3T2|l and (l3T3j) . we deduce 
that 

= {T'\h')K 

= {r{k)h,h')n, 

for any k G 11 and h, h' G H, where S := . . . , Therefore, (^(i?*^) = r(k) for any k G 11. 
The proof is complete. □ 

Consider Xji G C, 1 < z < j < n, and let J\ be the WOT-closed, two-sided ideal of 
generated by {cj e, — Ajjej ® ej : 1 < i < j < n}. Denote A/j^ := F'^{Hn) Q J\F'^{Hn), 
and Bi := Pj\fj^Si\J\fj^, i = 1, . . . ,n. According to 31 (see Example 3.3), if [Ti, . . . ,T„] is a row 
contraction satisfying the commutation relations 

(3.14) TjTi = XjiTiTj, l<i<j<n, 

then there is a unique Poisson transform <I> : C*{Bi, . . . ,Bn) B{H) such that ^{BaB"^) = 
TaTp, a,/3 G F+. Therefore, [Bi, . . . , Bn] is the universal row contraction satisfying (|3.14jl . 
Notice that, by (|3.14jl . for any m G Z+ and a G F+ such that 97(<t) = m, there is a unique 
"signature" e{a) G C (which can be expressed in terms of Xji H]) such that To- = e{a)T'^. Now 
define 

Lr{a) := e{a)T{z'^), where m G Z+, a G F+, ^p{a) = m. 

Using this definition for Lr, all the results of this section can be extended to this more general 
setting, with slight adjustments of the proofs. Let us remark that if Xji = 1 (resp. Xji = — 1), 
^ ^ i < j ^ n, then Bi,...,Bn are the creation operators on the symmetric (resp. anti- 
symmetric) Fock space. 



4. Moment problems for quotients of the free semigroup algebra CF+ 

Let Vh be a set of homogeneous polynomials in CF+. We recall that p = YL^=i'^o^j^ 
Qj 7^ 0, is a homogeneous polynomial if \aj\ = |qi| for any j = l,...,m. Let J be the 
WOT-closed, two-sided ideal of generated by the polynomials {p{Si, . . . , Sn) '■ p G Vh}- 
Denote Mj := F^{Hn) Q JF^{Hn), and define Bi := Pj^jSi\J\fj, i = l,...,n. Throughout this 
section, C*{Bi, . . . , Bn) (resp. An) is the C*-algebra (resp. non-selfadjoint norm closed algebra) 
generated by i?i , . . . , Bn and the identity. 

Using the results from |26j and j^, we can prove the following result. We only sketch the 
proof. 

Theorem 4.1. A map fi : C*{Bi, . . . , Bn) B{T-L) is a Poisson transform if and only if 
there is a row contraction [Ti, . . . , T„], Tj G B{7{), with p{Ti, . . . , T„) = for any homogeneous 
polynomial p € Vh, such that 

fiiB^B*p)=T^T*p, a,/3GF+. 
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Proof. Suppose [Ti, . . . ,Tn], Ti G B{TC), is a row contraction with p{Ti, . . . ,Tn) = for any 
p G Vh- Let Kr{T) be the Poisson kernel associated with T := [Ti, . . . ,T„], as defined in the 
introduction. Then, for any homogeneous polynomial p = 'Yl^=i'^j^j ^ "^h, ijJ-,fi & F^, and 
k,h & H, we have 

{Kr{T)k, SMSi, Sn)ep <g)h) = ri"ii+i-i+i^i(A;,r^p(Ti, . . . ,r„)r^/i) = 0. 

Since the noncommutative analytic Toeplitz algebra is the WOT-closure of the polynomials 
in S*!, . . . , Sn, I, it is easy to see that 

{KriT)k,fp{Si,...,Sn)g(^h) = 

for any / G F^,g € F'^{Hn), and p G Vh- Now, it is clear that Kr{T)k eMj^H for any k eH 
and < r < 1. According to Remark 3.2 from |4j, there is a Poisson transform ^ satisfying the 
required conditions. The converse is straightforward. □ 

We say that a set S C F+ is compatible with p = Yl]Li '^j'^j ^ CF+ if, for any to, (3 £ F+, we 
have either 

(4.1) {a;ai/3, . . . , u;a„/?} C S, or {tijai/?, . . . , a;a„/3} n S = 0. 

A pair (S, A), A C CF+, is called admissible if S is an admissible set in F+ and compatible with 
each p G A. 

Remark 4.2. // S = F+ or S = {a G F+ : |q[ < A;}, k e Z+ , then the pair {^,'Ph) is 
admissible for any set Vh C CF+ of homogeneous polynomials. Moreover, (F+, A) is admissible 
for any set A C CF+. 

Let Vh C CF+ be a set of homogeneous polynomials and let Jh be the two-sided ideal of CF+ 
generated by Vh, i.e., 

k 

Jh = {^XiPiVi : Xi,yi G F+, pi £ Vh, k> 1}. 
i=i 

Consider the quotient algebra C¥^/Jh and denote by p the coset corresponding to p G CF+, 
i.e., p = p + Jh- Notice that if q is any representative of the coset p, then q{Bi, . . . , Bn) = 
p{Bi, . . . , Bn), where Bi,...,Bn are defined as above. Hence, the map <I> : C¥^/Jh An 
defined by := p{Bi, . . . , Bn) is a homomorphism. 

Theorem 4.3. Let (S, Vh) be an admissible pair and let L : / Jh ^ B{7i) be an operator- valued 
map. Then there is a Poisson transform p : C*{Bi, . . . , Bn) — > B{7i) such that 

(4.2) L{p) = p{piBi,...,Bn))L{go), P^C^/Jh, 
if and only if the following conditions hold: 

(i) If p = J2jLi f^jOij ^ 'Ph and cu, /? G F+ are such that {ujaiP, . . . , ojamP} C S, then 

m 

(4.3) ^ajL(u^)=0. 

i=i 

(ii) Ki < K2, where the kernels Ki and K2 are associated, as in (|2.2)) and (|2.3)) . with the 
admissible set S and the map L : T, ^ B{7i) defined by L{a) := L{a), o" G S. 
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Proof. Let p : C*{Bi, . . . ,Bn) — > B{TC) be a Poisson transform satisfying (|4.2j) . Then, for any 
(a,/?) G Ae, we have 

L(a/3) = L(^5) = p{B^)L{$) = p{SMP), 

where p : C*(5'i, . . . , Sn) B{7i) is the Poisson transform associated to the row contraction 
\p{Bi), . . . Hence, (j, \s a, representing Poisson transform for the map L and, according 

to Theorem 12.11 we have Ki < K2. On the other hand, if p = YlJLi o-j^ij ^ T^h and w, /? € F+ 
are such that {uja\j3, . . . ,u;amf3} C S, then X^Jli aj{u)aj(3) is in CS and relation H4.2|) imphes 

m m 

^ajL{ujaj(3) = p{B^)p(^ajBa^)p{Bp)L{gQ). 
j=i i=i 
Since Yl^=i (^j^aj = 0, relation H4.3() is satisfied. 

Conversely, as in the proof of Theorem l2.11 we can find the operators Tj G B{'H), i = 1, . . . ,n, 
with the following properties: 

(i) [Ti, . . . , Tn] is a contraction; 

L{gia)h, if ^jfi G S 
0, otherwise; 

(iii) Ti\A4-^ = 0, where Ai is the closed linear span of all vectors L{a)h, where cr G E and 

hen. 



(ii) TiL{a)h 



Let p = jyjLi ^j'^j ^ ^ ^5 a-^d h e7i. Since (S, 'P/j) is an admissible pair, we have either 

{aia, . . . , Oimfy} C E, or {aid, . . . , OmO'} n S = 0. Using the above properties, we obtain 



y^^ajTa.L{a)h 



ajL{aja)h, if {aia, . . . , amcr} C S 



i=i \^0, otherwise; 

Using relation 1)4. 3() and the property (iii), we deduce YlJLi o-jTa^ = 0, i.e., p{Ti, . . . , Tn) = for 
any p G Vh- According to Theorem l4.11 there is a Poisson transform p : C*{Bi, . . . , Bn) B{7i) 
such that p[BaB*p) = TaT^, a,/3 G F+. Now, it is easy to see that, if w G S, then 

L((2;) = L{u) = T^Ligo) = p{BM9o)- 
Therefore, relation (|4.2j) is satisfied. This completes the proof. □ 

As in Section [2 one can obtain a vector- valued version of Theorem 14.31 This provides a 
characterization for the orbits of contractive Hilbert modules over the quotient algebra CF^ / , 
where Jh is the two-sided ideal generated hy Vh- A more general result is presented in Section 

In what follows, we solve the operator-valued trigonometric moment problem for completely 
positive linear maps on the C*-algbras C*{Bi, . . . ,Bn) described above. 

Theorem 4.4. Let (S, Vh) be an admissible pair and let L : T,/ Jh ^ B{7i) be an operator-valued 
map with L{gQ) = I. Then there is a completely positive linear map ^ : C*{Bi, . . . , B^) B{TC) 
such that 

(4.4) L{p) = <!>{p{Bu...,Bn)), PGCS/A, 

if and only if the following conditions hold: 
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(i) //X^JLi CLjOj E Vh and io,(3 £ are such that {ujai(3, . . . ,ujamP} C S, then 

m 

^ajL{u;aj(3) = 0. 

(ii) The kernel K : T, x T, ^ B{7i) given by 

(L{T\a), ifa<T 
K{a,T):= iLiaVr, if r < a 
(_0, otherwise 

is positive semidefinite, where the map L : S — > B{'H) is defined by L{a) := L{a), o" € S. 

Proof. Assume there is a completely positive linear map <I> : C*{Bi, . . . , Bn) — > B{'H) such that 
()4.4() holds. If p = X^JLi ^j'^j ^ "^h, then p{Bi, . . . ,Bn) = 0. Moreover, if u;,/3 € are such 
that {ioaiP, . . . ,ujamP} C S, then 

m 

^ ajLi^P) = ^B^piBi, Bn)Bp] = 0. 
i=i 

On the other hand, let 7 : C*(S'i, . . . , S'n) ^ C*{Bi, . . . , i?„) be the Poisson transform associated 
with the row contraction [Bi, . . . ,Bn]- Then <I> o 7 : C*{Si, . . . , S„) — > B{T-L) is a completely 
positive map such that (<& o 7)(/) = / and 

($o7)(5,) =L(a), CTGS. 
Now, as in the proof of Theorem 13.31 we can prove that the kernel K is positive semidefinite. 

Conversely, assume K >{) and relation (|4.3jl holds. This part of the proof is similar to that 
of Theorem 13.31 Let us follow that proof and mention only the necessary changes. First, the 
subspace £ should be defined by 

£:= V r,p(Ti,...,r„)/c. 

reF+, p£Vh 

According to p.lO() . for any / G TiP and p = J2T=i ^j'^j ^ 'Ph, have 



[p(ri,...,r„)/](t) = 

Hence, if r € and h £ Ti, then we deduce 



i=i 



{h,Trp{Ti,... ,Tn)f)K = ^^aj{K{Taja,go)h, f{a))n 

fjGS j=l 

= ^\ Y1 ajLi'Tajayh, f{a) \ , 
aes \j=i / ^ 

if {ujaiP, . . . ,ujamf3} C S, and otherwise. Here we used the fact that the pair is 
admissible. By ()4.4() . we have X]j=i ~ 0. Therefore, TL d Q := K.Q£. Now, 
define T/ := PgTi\Q, i = 1, . . . ,n, and notice that [T{, . . . ,T^] is a row contraction such that 
p{Tl, . . . ,T'^) = for any p G 'P/j. According to Theorem 14.11 there is a Poisson transform 
/i : C*(Si, . . . , S„) ^ 5(g) associated with [T{ . . . , T;;,]. Let $ : C* (Si, ... , S„) ^ be the 
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compression ^{A) := P'}ifi{A)\Ti., A € C*{Bi, . . . , It is clear that $ is a unital completely 
positive linear map. On the other hand, it is easy to see that 

= {Pnfi{Ba)h,h')n = {Tah,h')K 

= J2 {K{t,L0)Sa{i^)h,Sg,{t)h\ 

= {K{go,a)h,h') = {L{a)h,h')n 
= {L{a)h,h')n 

for any a G S and h, h' G Ti.. The proof is complete. □ 



5. Moment problems for the free product semigroup *i=iGj' 

Let Gi be any discrete subgroups of the real line M, and let Of denote the positive cones 
Gf := Gi n [0,00). We assume that at least one subgroup Gi is dense in M. The left regular 
representation of the free product semigroup *f^^Gf is a semigroup of isometrics X{g) on the 
Hilbert space i'^{*'^^iGf) with orthonormal basis {^g : g G *'^^iGf}, given by 

The reduced semigroup C*-algebra C*{*'^^iGf) is the C*-algebra generated by the left regular 
representation of In this new setting, the noncommutative disc algebra A := A{*'^^iGf) 

is defined as the norm-closed algebra generated by the left regular representation. 

Consider representations Tj of Gf as semigroups of contractions on a common Hilbert space 
Ti such that 

n 

(5.1) Y.^,{gi)Ti{gir <I, <7i G G+UO}. 

i=l 

Such representations (uniquely) determine a contractive representation of the free product semi- 
group *^^iGf by sending an element a = gig2 ■ ■ - gk, where gj G Gf., to the contraction 

r(cj) := Ti^{gi)Ti2{g2) ■ ■ - Ti^igk), 

and T^go) = I, where go denotes the neutral element of ^f^-^Gf . The generalized Cuntz algebra 
0{*^^iGf) was defined in as the universal C*-algebra generated by isometric representations 
Vi of the semigroups Gf satisfying condition (|5.1() . Extending some results of Douglas and 
Cuntz [TO], it was proved in HI] (see also 12 , 13 , |TO], HI], HH], HZj) that if n > 2, then the 
C*-algebra generated by Vi does not depend on the choice of the isometric representations Vi. 
Therefore 0(*^^iG+) = C*{*^^^Gf). When n = 1, we set C'(G+) := C;(G+). 

A map /X : 0{*^^iGf) — s- B(TC) is called Poisson transform on the generalized Cuntz algebra 
0{*2^iGf) on the Hilbert space TC if it is a unital completely positive linear map such that 

fi{AX) = iJ.{A)^{X), for any X G AA* and A e A. 

According to jllj . a map /i is a Poisson transform on 0(*"^^G^) if and only if there are con- 
tractive representations Tj of Gf on a common Hilbert space H satisfying the condition (|5.1|1 . 
and such that 

/x(A(a)A(r)*) = T^r;, a,T€*'^,Gf. 
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As in the previous sections, a set S C *^^iGJ^ is called admissible if a(3 E S implies /? € S. The 
following result is an extension of Theorem 12. II to generalized Cuntz algebras. 

Theorem 5.1. Let S C *f^^Gf be an admissible set and let L : T, ^ B{Ti) be an operator-valued 
map. Then there is a Poisson transform : 0{*'^^iG^) — > Bili.) such that 

(5.2) L( a,a) = fiiY^ aA{a))L{go) 

for any polynomial ^ Oo-o" G CS if and only if Ki < K2, where the kernels Ki,K2 are defined 
as in and 

Proof. Assume that n : 0{*f^iGf) —>■ B{H) is a Poisson transform satisfying (|5.2() and let 
Ti{gi) ■= fJ-i^igi)) , gi £ Gf . Notice that Tj are contractive representations of Gf on H satisfying 
condition 1)5. If) . According to ^llj (see also [SH, ^Hl) and [121 important particular cases 
obtained before), there is a Hilbert space /C containing Ti. and isometric representations Vi of 
Gf on IC such that 

(i) E7=i V^ig^mg^r < I for all g, G G+\{0}. 

(ii) Vi{gi)*\n = TiigiY for all gi G G+, 1 < i < n. 

Notice that if 1/ is the representation of *f^iGf associated with Vi, and o", r G *'^^iGf are two 
elements such that neither is a multiple of the other, then V{a) and V{t) are isometries with 
orthogonal ranges. Now, the proof of the direct implication is an extension of that of Theorem 

o 

For the converse, we only sketch a proof. Assume Ki < K2. The representations Vi of Gf 
are defined by Vi{gi)f = tp, where ip is given by 1)2. 4|) . It is easy to see that Vi{gi) is a partial 
isometry and Vi{gi)Vi{g[) = Vi{g[)Vi{gi) for any gi,g^ G G+. Moreover, Vi{Gi\{Q]) has range 
contained in the closed span of functions supported on 

7^, := {(a,/3) G As : a = g,T for 5, G G'A{0},r G *r=iG+}. 

The definition of K2 guarantees that the subspaces IZi are pairwise orthogonal. Hence the 
representations Vi, i = 1, . . . ,n, satisfy condition (|5.H) . Define the representation Tj of Gf on 
Wby 

T,{gi) := XVi{gi)X* if G G+\{0}, 

and rj(0) := /, where the operator X is given by (|2.6|) . Clearly the representations Tj also 
satisfy condition (|5.1|) and 

Ti{gi)L{a)h = L{gia)h 

if (7jcr G S, ^fj G G^, and /i G TY. Hence T{uj)L{gQ) = L{uj), G S, where T is the contractive 
representation of *'^^^Gf associated with Tj. Let : 0{*^^^Gf) B{H) be the Poisson 
transform associated with Tj. Since fi{X{a)) = T{a), a G *2^iGf , we infer that L{uj) = 
IJ,{X{uj))L(go), id € T,, and the proof is complete. 

□ 

We remark that all the results of Section [21 hold true in this new setting. To get the analogues 
just replace G*{Si, . . . , Sn) by the generalized Cuntz algebra 0{*^^iGf). The proofs remain 
essentially the same. Let us mention that an analogue of the classical trigonometric moment 
problem for 0{*^^iGf) was obtained in [TT] . 
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Concerning the commutative case, let us first remark that there are nontrivial contractive 
representations T : YYi=iGf —>■ B{Tl) such that Tj := T\Gf satisfies condition (|5.1|) . Indeed, 
define the subspace Ai of £'^{*'^^iGf) by setting 

M:= V A(u;)[A(a)A(r) - X{T)X{a)]f{*t,Gt), 

where A is the left regular representation of the free product semigroup *f^iGf on £'^{*^^iGf). 
Notice that the subspace J\f := i'^{*^^iGf) Q M is invariant under each A(u;)*, u G *^^iGf. Let 
* : nr=i Gf ^ B{Af) be given by 

n 

^{g) := PxKgi) ■ ■ ■ HgnM, g = (si, • • • ,5n) e 

i=l 

It is clear now that ^' is a nontrivial representation satisfying the inequality (|5.1j) . Notice that 
in the particular case when Gf = N, i = 1, . . . ,n, the C*-algebra generated by {^'(g) : g G 
nr=i Gf} coincides with the Toeplitz algebra C*{Bi, . . . , where Bi, . . . , B^ are the creation 
operators on the symmetric Fock space. 

The commutative semigroup nr=i Gf is endowed with the product order <C. We denote by 
go its neutral element. A set 11 C \Yi=i Gf is called admissible if g G 11 and f <C g imply f G 11. 
There is a canonical homomorphism Lp of *'^^^Gf onto Jir=i Gf such that it is the identity on 
each Gf . Notice that if 11 is an admissible set for HILi Gf , then 

:= {a G *UGf ■■ ^{a) G H} 

is an admissible set for We associate with each map F : 11 — > B{Ti) another map 

Lr : Stt — > B{TC) by setting Lr(cT) := T{ip{a)), a G Stt- 

Theorem 5.2. Let 11 C YVi=i Gf be an admissible set and letT-.U—f B{Tl). Then there is a 
contractive representation T : YYi=i Gf B{TC) satisfying the condition 1)5. If) such that 

(5.3) F(g) =r(g)F(go), gGH, 

if and only if Ki < K2, where the kernels Ki and K2 are associated with the admissible set 
Utt C and the map Lr : S^r ^ B{7{), as defined by and 

Proof. Assume T : YVi=i Gf B{7{) is a contractive representation satisfying conditions (|5.1() 
and 1)5.3(1 . As in the proof of Theorem 15.11 there is an isometric representation V of on 
a Hilbert space K, D H which dilates the contractive representation of ^f^-^Gf associated with 
Ti := T\Gf , i = I . . . ,n. For any (a, f3) G As^, we have 

(5.4) = T{^{a))T{m) 

= PnV{a)Lr{(3). 

Now, as in the proof of Theorem 12.11 one can show that Ki < K2 ■ 

Conversely, assume Ki < K2- Following the proof of Theorem 12.11 (see also Theorem I5.1|l . 
we find representations Tj of Gf on H defined by Ti{gi) := XVi{gi)X* , gi G Gf , such that the 
condition (|5.1|) holds and 

T,{g.)Lr{a)h = j^^^^^^)^' ^ 

U, otherwise. 
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Moreover, due to the definitions of S^r, Lr and we infer that 

T,ig,)Tjigj) = Tj{gj)Tiigi), g, e G+ 5^- E G+. 

Let T : HILi ^{^) be the representation associated with Tj. If g = ((71, . . . , G 11 and 

h G H, then we have 

r(g)/i = Lr{gi ■ ■■gn)h 

= Ti{gi) ■ ■ ■ Tn{gn)Lr{go)h 

= r(g)r(go)/i. 

The proof is complete. 

n 

If n C YYi=i admissible set, we associate with any map : 11 — > 7^ another map 

Mtv : — > 7^ by setting M^icr) := N{ip{a)), a € Stt- As in Section 13 one can use Theorem 
15.21 to obtain the fohowing vector- valued moment problem. 

Theorem 5.3. Let H be an admissible set in YYi=i '^''^'^ let N : U —> Ti be a map. Then 
there is a contractive representation T : Y[i=i — > B{H) satisfying condition (|5.1|) such that 

iv(g) = r(g)iV(go), gen, 

if and only if < K^, where the kernels and K/^ are associated with the admissible set 
C *1^iGf and the map M]\j- : Syr —> Ti., as defined by (|2.11j) and (|2.12|) . 

In what follows we solve the operator-valued moment problem for Poisson transforms on the 
generalized Cuntz algebra 0{*f^iGf), satisfying polynomial identities. The result provides, in 
particular, a characterization for the orbits of contractive Hilbert modules over the quotient 
algebra C Gf /J, where J is a two-sided ideal of the free semigroup algebra C Gf. 
First, let us show that, in general, there are nontrivial representations ^' of C *f^i G^ /J such 
that 

n 

(5.5) Y.'^{g,)-i'{g,r <I, 5. G G+\{0}. 

i=l 

Define the subspace Mj of by setting 

Clearly, the subspace TVj := £'^{*f^iGf) Q Mj is invariant under each \{uj)* , uj G *2=iGf. 
Notice that if TVj / C, then the map ^ : C Gf/J B{Mj) given by 

is a nontrivial representation of C Gf/J, satisfying 1)5. 5() . 

Theorem 5.4. Let (S, J) be an admissible pair where S C ^^^iGf and J is a two-sided ideal of 
C Gf . Let L : Ti/J BiTi) be an operator-valued map. Then there is a Poisson transform 
/i : 0(*^=iG+) ^ B{n) such that 

(i) ^(X] CL(T^{(^)) = for any ^ ao-fj G J , and 

(ii) L{Y,a„a) = yi.{Y,a„\{a))L{gQ), for any a^a e CT, / J , 
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if and only if the following conditions hold: 

(hi) // X^jLi o-j^j ^ J '^'^d uj, P £ *^^iGf are such that {uaiP, . . . , uamP} C S, then 

m 

(5.6) ^ajL(a^)=0. 

i=i 

(iv) Ki < K2, where the kernels Ki and K2 are associated, as in ()2.2I) and ()2.3|) . with the 
admissible set S and the map L : T, ^ B[T-L) defined by L{a) := L{a), cr E S. 

Proof Let L : Y,/J ^ B{7i) be such that the conditions (i) and (ii) hold. For any a £ S, we 
have 

L(a) = L(d) = /u(A(a))L(5o) = n{X{a))L{go). 
According to Theorem l5.H we deduce that Ki < K2- Moreover, if l^jLi ajaj G J and to, (3 £ F+ 
are such that {ivaiP, . . . , toamP} C S, then 

m 1 m \ 

^ajL{ujajP) = n{X{uj))ii ^ajA(aj) /x(A(/?))L(5o) = 0. 
i=i \i=i / 

Conversely, assume the conditions (iii) and (iv) hold. As in the proof of Theorem 15. ![ we 
define the representations Tj of Gf on 7i satisfying the condition 1)5. the relation 



Ti{gi)L{a)h 



L{gia)h, if gia G S 
0, otherwise, 



and T{Lu)\Ai-^ = 0, w G *f=iG,^\{5(o}, where A4 is the closed span of all vectors L{a)h with 
fj G S and h £ Ti. Hence, we get L{uj) = T(uj)L(gQ) for any w G S. On the other hand, since 
(S, J) is an admissible pair, if ajOj £ J, a £ T,, and h £ Tl, then 



J]ajr(aj) L{a)h 



ajL{aja)h, if {aicr, . . . , UmO'} C S 



i^j=i / (^0, otherwise. 

Now, using relation (|5.6|) . we deduce X^JLi OjT'(Qj) = for any YJj=i^j^j ^ Consider 
/Lt : 0(*"^j^G^) — !■ BiTi) to be the Poisson transform associated with the representation T. Now, 
it is easy to see that, if a; G S, then 

L(a)) = L(a;) = T^L{go) = fi{X{uj))L(go)- 
The proof is complete. □ 

Let us remark that the Poisson transform ^ of Theorem 15.41 gives rise to a homomorphism 
^' : C Gf/J B(7i) by setting 

^ij^a^a) := fi{J2aaX{a)), 

which satisfies inequality ()5.5() . The conditions (i) and (ii) of the same theorem can be written 
as L(f) = ^'(/)L((/o) for any / G CS/J. Moreover, the homomorphism ^ give rise to a Hilbert 
module over C Gf/J in the natural way f ■ h := ^if)h, / G C Gf/J , and h £ H. 



24 



GELU POPESCU 



Finally, we shoud mention that, as in Section [21 a vector-valued version of Theorem 15.41 can 
easily be obtained. This provides a characterization for the orbits of Hilbert modules over 
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